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Abstract 

We study circular geodesic motion of test particles and photons 
in the Bardeen and Ayon-Beato-Garcia (ABG) geometry describing 
spherically symmetric regular black-hole or no-horizon spacetimes. 
While the Bardeen geometry is not exact solution of Einstein’s equa¬ 
tions, the ABG spacetime is related to self-gravitating charged sources 
governed by Einstein’s gravity and non-linear electrodynamics. They 
both are characterized by the mass parameter m and the charge 
parameter g. We demonstrate that in similarity to the Reissner- 
Nordstrom (RN) naked singularity spacetimes an antigravity static 
sphere should exist in all the no-horizon Bardeen and ABG solutions 
that can be sorrounded by a Keplerian accretion disc. However, con¬ 
trary to the RN naked singularity spacetimes, the ABG no-horizon 
spacetimes with parameter g/m > 2 can contain also an additional 
inner Keplerian disc hidden under the static antigravity sphere. Prop¬ 
erties of the geodesic structure are reflected by simple observationally 
relevant optical phenomena. We give silhouette of the regular black 
hole and no-horizon spacetimes, and profiled spectral lines generated 
by Keplerian rings radiating at a fixed frequency and located in strong 
gravity region at or nearby the marginally stable circular geodesics. 
We demonstrate that the profiled spectral lines related to the regular 
black holes are qualitatively similar to those of the Schwarzschild black 
holes, giving only small quantitative differences. On the other hand, 
the regular no-horizon spacetimes give clear qualitative signatures of 
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their presence while compared to the Schwarschild spacetimes. More¬ 
over, it is possible to distinguish the Bardeen and ABG no-horizon 
spacetimes, if the inclination angle to the observer is known. 


Introduction 

Recently, black-hole solutions of alternative theories to Einstein’s gravity 
are studied extensively to hnd astrophysically and observationally relevant 
signatures of these alternatives. One family of the alternative theories be¬ 
longs to the higher-dimensional spacetimes related to String theory, as the 
braneworld models and their black-hole solutions restricted to the 3D brane 
[nmi 1321133]. A 3D approach to quantum gravity, based on methods of solid 
state physics, is developed in the framework of Hofava gravity with Lorentz 
invariance breaking [201 [13 Ell ESj- Here we focus our attention to the so¬ 
lutions of the 3D Einstein gravity combined with non-linear electrodynamic 
laws enabling avoidance of the physical singularity in the black-hole solutions 
0 . 

Black holes governed by the standard general relativity contain a physi¬ 
cal singularity with diverging Riemann tensor components and predictabil¬ 
ity breakdown, considered as a realm of quantum gravity overcoming this 
internal defect of general relativity. However, families of regular black hole 
solutions elimination the physical singularity from the spacetimes having an 
event horizon have been found. Of course, these are not vacuum solutions of 
the Einstein gravitational equations, but contain necessarily a properly cho¬ 
sen additional held, or modihed gravity, and the energy conditions related to 
the existence of physical singularities m are then violated. The hrst, non¬ 
exact regular black hole solution containing a magnetic charge as a source 
parameter has been proposed by Bardeen [TO]. Ayon-Beato and Garcia have 
shown that the magnetic charge is related to a non-linear electrodynamics 
0. The exact regular black hole solution relating the Einstein equations and 
a non-linear electrodynamics has been introduced by Ayon-Beato and Garcia 
0EII1]. Another approach to the regular black holes has been applied by 
Hayward [18]. Modihcation of the mass function in the Bardeen and Hay¬ 
ward regular black hole solutions and inclusion of the cosmological constant 
has been introduced in the new solutions of Neves and Saa Rotating 
regular black hole solutions has been introduced in [26l 13 HT] . 

Properties of geodesic motion in the held of regular black holes have been 
recently discussed in several papers [la 3 SI]. Of course, it is of crucial 
interest to study observationaly relevant properties of the regular black hole 
spacetimes and compare them with those related to the standard black hole 
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spacetimes, or to those related to the black hole solutions inspired by the 
string theory, e.g., the braneworld black holes. There are three observation- 
ally important tests of the character of strong gravity in vicinity of the black 
hole event horizon, namely, the spectral continuum [251 Enin, the profiled 
spectral lines [211 El El El E3], and high-frequency quasiperiodic oscillations 
[ini EH]- These phenomena are governed by the geodesic structure of the 
spacetime, especially the circular geodesic motion is important. 

Here we concentrate our attention to the prohled spectral lines created 
at the innermost parts of the Keplerian (geodesic) accretion discs orbiting 
the regular black holes related to the Ayon-Beato-Garcia (ABG) solutions 
of mixed Einstein’s and non-linear electrodynamic equations and compare 
them to those related to the Bardeen spacetimes. The profiled lines gener¬ 
ated at these spherically symmetric regular black hole spacetimes are com¬ 
pared to those generated under corresponding conditions around the standard 
Schwarzschild black holes. 

We extend here the study of the geodesic structure to the Bardeen and 
ABG spacetimes with parameters adjusted in such a way that the spacetimes 
do not contain an event horizon. As we shall see, such ” no-horizon” solutions 
resemble in many aspects the Reissner-Nordstrom naked singularity solutions 
(and partly the axisymmetric Kerr naked singularity solutions) of the stan¬ 
dard general relativity, or the Kehagias-Sfetsos naked singularity solutions of 
the modihed Hofava quantum gravity. However, in the Bardeen and ABG 
” no-horizon” spacetimes no spacetime singularity occurs, as components of 
the Riemann tensor of these spacetimes are finite everywhere, contrary to 
the Reissner-Nordstrom, Kerr, or Kehagias-Sfetsos spacetimes. Of course, 
we have to expect that at the centre of coordinates, r = 0, the source of 
the electromagnetic field of the background is located and we expect a spe¬ 
cial behavior related to the electrodynamic part of the theory behind the 
Bardeen and ABG solutions [31 Sj. Here we assume that at the centre r = 0, 
the trajectories of test particles and photons terminate, similarly to the case 
of the central singular points in the spherically symmetric naked singularity 
spacetimes. 

We demonstrate properties of the geodesic structure of the Bardeen and 
ABG spacetimes giving silhouette of the black hole and no-horizon space- 
times, and calculating profiles of spectral lines generated by Keplerian (geodesic) 
rings radiating at a fixed frequency corresponding, e.g., to a fluorescent iron 
spectral line. The profiled spectral lines generated in the fully regular, ’’no¬ 
horizon” Bardeen and ABG spacetimes demonstrate clear distinctions while 
compared to those generated in the Kehagias-Sfetsos naked singularity space- 
times [laiiiHiiiii of the Hofava gravity [2DII22I, or to those generated by the 
rings orbiting Kerr naked singularities [iQl El]- 
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1 Spherically symmetric regular spacetimes 


First, let us review basic properties of the spherically symmetric regular 
Bardeen and ABG spacetimes for both the black-hole and no-horizon fami¬ 
lies. The properties of the electromagnetic held related to the regular black 
hole (or no-horizon) spacetimes are discussed in [21 El 0]. We concentrate 
here on the geometry properties since only the Keplerian geodesic motion is 
considered for accretion discs and rings and optical phenomena are given by 
photons following the null geodesics of the spacetimes. The geometry of the 
Bardeen and ABG black hole (no-horizon) spacetimes is characterized in the 
standard spherical coordinates and the geometric units (c=G=l) by the line 
element 

ds^ = —/(r)df^ -I- -J—dr^ -|- r^(d6*^ -|- sin^ (1) 

f{r) 

where the ’’lapse” /(r) function depends only on the radial coordinate. Both 
Bardeen and ABG spacetimes are constructed to be regular everywhere, i.e., 
the components of the Riemann tensor, and the Ricci scalar are finite at all 
r > 0 [Ij. 

The lapse function /(r) is given by the formulae 


1. Bardeen spacetime 


fir) 


2mr^ 

(pTp72j372’ 


( 2 ) 


2. ABG spacetime 


fir) 


1 - 


2mr^ 


+ 


g2r2 


(^2 _|_ j . 2 '^ 3/2 (^ g 2 _|_ J . 2'^2 


(3) 


Here m denotes the standard gravitational mass parameter, while g corre¬ 
sponds to the charge parameter measured in units of m. From here on we 
put in our calculations m = 1 this means that both charge g and radial 
coordinate r are expressed in units of m. 

The pseudosingularities of the Bardeen and ABG spacetimes are given by 
the condition 

fir) = 0. (4) 

From the definition of the coordinate time t it follows that the condition 
(Hj) determines the event horizons of the spacetimes. If real and positive 
solutions of Eq. (jl]) exist, the spacetime governs a black hole, if there is no 
such solution, the spacetime is fully regular, having no event horizon, and 
we call it ” no-horizon” spacetime. The loci of the black hole horizons are 
implicitly given by the relations 
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1. Bardeen 


— 4)r^ + + r® = 0, 


(5) 


2. ABG 


{g"^ + r‘^Y{g‘^ + + r^) — 4:r^{g‘^ + r^) + = 0. (6) 

The condition for loci of the event horizons of the Bardeen spacetimes is 
cnbic in both the radins sqnared and the charge parameter g"^, while it is 
qnartic relation for both sqnared radins and charge in the ABG spacetimes. 
The solutions for these loci are presented in Fig. 1. 

The critical value of the parameter g, separating the black hole and the 
” no-horizon” Bardeen and ABG spacetimes reads 


1. Bardeen 

dNoH/B — 0.7698; 

(7) 

2. ABG 

gNoH/ABG = 0.6342. 

(8) 


In the ”no horizon” Bardeen and ABG spacetimes, the metric is regular 
at all radii r > 0, but we have to consider r = 0 (or its small vicinity, 
at least of the Planck length) to be the site of the source charge of the 
spacetime assuming that all particle or photon trajectories reaching r = 0 
terminate there. Detailed discussion of the properties of the electromagnetic 
held related to the Bardeen and ABG spacetimes can be found in [1], however, 
it is not necessary for the purposes of our study. 

2 Test particle motion 

Motion of test particles and photons is governed by the geodesic structure 
of the spacetime. The geodesic equations are signihcantly simplihed in the 
static and spherically symmetric spacetimes due to their symmetries and can 
be well governed by an effective potential. The motion is always conhned to 
a central plane. 

2.1 Equations of motion and effective potential 

Both the considered regular spacetimes posses two Killing vector helds, d/dt 
and d/d(j), implying existence of two constants of motion, energy E = —pt 
and axial angular momentum L = p^. There is also an additional constant 
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of motion Q, ’’latitudinal” angular momentum defined by the relation = 
Q — cot^ 6. For massive particles with rest mass /i > 0, the constants 
of motion can be related to the constant rest mass (energy) /i, and are then 
specihc energy and specihc angular momenta of the motion. The equations of 
the geodesic motion can be written in the integrated form, giving components 
of the four-velocity (four-momentum) of the particle that read 


= 

E 

/W’ 

(9) 

if? = 

/M . 

(10) 

= 

^(Q-L^cot^^), 

(11) 

p'^ = 

L 

(12) 

sin^ 9 


where k = 0 for photons and k = 1 for massive particles. For further analysis 
it is convenient to dehne an effective potential of the motion by the relation 

Veff = fir) ^ . (13) 


2.2 Circular geodesics 

In the case of spherically symmetric spacetimes the motion is planar taking 
place in central planes which are all equivalent. For convenience one usually 
picks up the equatorial plane determined by equation 6^ = 7r/2 where the 
constant Q = 0. Circular geodesics are determined by the simultaneously 
conditions 

dp” 

/ = = 0 (14, 

where w is an affine parameter of the geodesic motion and in the case of 
massive particles it is related to their proper time r. From the conditions 
flTTjl and the equations of motions, it follows that circular geodesics in the 
equatorial plane must fulhl the equations 

r\V It 

^lo = 0. (15) 


This implies 


2 r^/'(r) 

^ 2/(r)/r -/'(r)’ 


(16) 
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Figure 1: Loci of circular geodesic orbits in the Bardeen (left) and ABG 
(right) spacetimes. The white regions correspond to stable orbits, while 
the light gray regions represent unstable orbits. In the dark gray regions 
no circular geodesics exist and the black region represents dynamical re¬ 
gion of black hole. The points on the black-dotted curve satisfy equation 
d^V'e//(r, Lx, fi')/dr^ = 0, while points on the black-dashed curve satisfy 
equation L‘]^{r,g) cxd, and points on the black solid curve satisfy equa¬ 
tion L‘j^{r,g) = 0. We dehne three characteristic points (see text). For 
the Bardeen spacetimes, the characteristic points are PI = (3.07,0.95629), 
P2 = (1.7179,0.85865), and P3 = (1.09,0.76988). For the ABG spacetimes, 
the characteristic points are PI = (2.73,0.74684), P2 = (1.57,0.690771), 
and P3 = (0.9941,0.6343). 


where the prime means derivative with respect to the radial coordinate. The 
corresponding energy of the circular orbit follows from the condition (p^)^ = 
E'^ — V = 0. We obtain 

^N/w(l + ^)=^. (17) 

The angular frequency of the circular geodesics (Keplerian angular frequency) 
relative to distant observers reads 

n 

dt 

In the Bardeen and ABG spacetimes, the specihc angular momentum Lc, 
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the specific covariant energy E^., and the angular frequency hlc of the circular 
orbits read 


1. Bardeen 


2 . ABG 
Ll = 


Et = 


n: = 


Li = 


Ei = 


ni = 


^4(_2^2 _|_ ^2^ 

-3r4 + (r2 + ^2)5/2’ 

- 2 r^ + (r^ + 


+ 3g‘^r‘^ + 3g‘^r'^ + r® — 3r4y'r2 + g‘^ ’ 
(r 2 - 2g^) 

(^2 ^ 2 ) 5 / 2 - 


(19) 

( 20 ) 
( 21 ) 


{"^^{gig ~ 9^ + r2 + {—2g^ — g^r^ + r^))) 

( —3r4(^2 _j_ ^ 2 ^ _|_ ^g2 _j_ r2^gG _j_ 3^4^2 _j_ ^g2^A _j_ ’ 

jg'^y/g'^ + r 2 + r4(-2 + g'^ +~r^) + g‘^r‘^{-2 + 3y/g'^ + r 2|)^2 

((^2 _j_ ^2y(^g6 _j_ 3^4^2 _|_ 5^2^4 -|_ 7.6 _ 3r4^^2 _j_ J. 2 ^^ 

+ 9^{~‘^ + \/r2 + ^(2) — g‘^r'^{+y/g‘^ + r2) 


( 22 ) 


-5) 


(r 2 + ^2)7/2 


(24) 


We shall discuss the standard properties of the circular geodesics, as their 
stability to the radial perturbations (the motion is always stable relative to 
the latitudinal perturbations), the existence of photon circular orbits; in the 
case of the no-horizon spacetimes we determine the static radii governing 
so called antigravity sphere [48], and the radius of vanishing of the angular 
frequency gradient. The Bardeen and ABG spacetimes can be classified by 
the properties of the circular geodesics as demonstrated in Fig. [1] where 
all the characteristic radii, including those of the black hole horizons, are 
illustrated in dependence on the dimensionless parameter g. 

In the FigHjwe have introduced three characteristic parameters gpi: 

• Point Pi is the maximum of curve representing marginaly stable orbits. 
For values of 5 ^ < there exist at least one marginally stable circular 
orbit. 

• Point P 2 is the local maximum of the curve given implicitly by L‘j^{r, g) = 
0. Between points gpi and gp 2 there exist two maginally stable orbits. 

• Point P 3 is the local maximum of the curve implicitly given by /(r, g) = 

0 . 


















For characteristic values of the parameter g, given by the classihcation 
of the Bardeen spacetimes according to the properties of circular geodesics, 
we illustrate in Fig. [2] the characteristic behavior of the radial prohles of 
the specihc energy and specihc angular momentum, E'^{r;g) and Llir^g). It 
should be stressed that in the regions where the energy and angular momen¬ 
tum decrease (increase) with decreasing radius, the circular orbits are stable 
(unstable) relative to the radial perturbations. For the ABG spacetimes with 
g < 2, behavior of the g) and L‘l{r] g) prohles is qualitatively the same 
as for the Bardeen spacetimes. For the ABG spacetimes with > 2, an addi¬ 
tional inner Keplerian disc occurs under the antigravity sphere, as illustrated 
in Fig. [3l 


2.3 Antigravity sphere 

We should state hrst that in both the Bardeen and ABG no-horizon space- 
times a static radius exist where an ’’antigravity” effect of the geometry is 
clearly demonstrated by vanishing of the angular momentum, = 0, and 
the angular velocity, Gc = 0, similarly to the case of the Kehagias-Sfetsos 
naked singularity spacetimes of the Hofava gravity |l3l HH] , or the Reissner- 
Nordstrom naked sigularity spacetimes |38l [30]. At the static radius, an 
’’antigravity” sphere occurs where test particles can remain in stable static 
equilibrium. No circular geodesics can exist under the stable static radius 
that is given by 

1. Bardeen 

Tstat = V^g (25) 


2 . ABG 

- r^)^Jg^ + r'^ + (-2^ - + r^) = 0. (26) 

An exception is represented by the ABG no-horizon spacetimes with g > 2 
where an inner Keplerian disc is placed under the stable static radius, having 
an outer edge at the unstable static radius corresponding to unstable equilib¬ 
rium positions of static particles. Location of the static radii in dependence 
on the charge parameter of the Bardeen and ABG no-horizon spacetimes is 
demonstrated in Fig. 1. The antigravity sphere, being surrounded by a Ke¬ 
plerian disc, can be considered as a hnal state of the accretion process, and 
in some sense can represent an effective surface of the objects described by 
the Bardeen and ABG no-horizon spacetimes. 

Existence of the antigravity sphere is clearly related to the repulsive grav¬ 
ity acting very closely to the origin of coordinates. For r ~ 0, the lapse 
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Figure 2: Radial profiles of (left) and (right) given for the Bardeen 
spacetimes with 51 = 1.5 > qs/b (top), Qs/b < S' = 0.9 < qp/b, Qp/b < 9 = 
0.8 < gNoH/B) and g = 0.7 < QnoH/b (bottom). Shaded are the regions where 
the circular geodesics are not allowed. For the ABG spacetimes with g < 2 
qualitatively the same radial prohles occur. 
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Figure 3: Radial profiles of Eq (left) and Eq (right) are given for the special 
case of the ABG no-horizon spacetimes having inner Keplerian discs located 
under the stable static radius, with values of the charge parameter g = 2.0 
(top), g = 2.5 (middle), and g = 3.0 (bottom). 
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function of the Bardeen and ABG spacetimes can be written in a simple 
form 

1. Bardeen 

/(r ~ 0) ~ 1 - (27) 

2 . ABG 

/(r~ 0 )~l- 4 (--l)^^ (28) 

9^ 9 

where we have to assnme (7 > 0. Then we see that in the the Bardeen case the 
spacetime near the coordinate origin always demonstrates the gravitational 
repnlsion of the same character as those related to the vacunm energy (the 
de Sitter type) [37j, where the cosmological term A/3 has to be replaced 
by 2/g^. In the ABG spacetimes, we obtain the gravitational repulsion of 
the de Sitter type( the vacunm energy) for (7 < 2 - in this case, no circnlar 
geodesic orbits occnr under the stable static radius where the antigravity 
sphere is located. On the other hand, for g > 2 the metric near the origin of 
coordinates is of the anti-de Sitter type with attrative gravity - in this case 
circnlar geodesic orbits are possible even nnder the static radius. 


2.4 Vanishing gradient of the angular frequency of cir¬ 
cular geodesics 

The angular frequency of the circnlar geodesic motion, shortly, the Keple- 
rian frequency, demonstrates a specihc property in the spherically symmet¬ 
ric naked singnlarity spacetimes, both Reissner-Nordstrom, and Kehagias- 
Sfetsos, namely the change of sign of the gradient of the radial prohle of 
the Keplerian freqnency implying important conseqnences for the Keplerian 
accretion - for details see [IHl HU 113 ] • R is qnite interesting that this phe¬ 
nomenon occnrs also in the case of the regnlar no-horizon spacetimes. 

The corresponding gradient of the Keplerian angnlar freqnency is given 
by 


1. Bardeen 

dG^ 3r(r^ — Ag'^) 
dr (r^ -\- g‘^yG ’ 

2 . ABG 


(29) 


dr 


—3r^ + 4g‘^r 3 — 2y/r^~+y^ -f g‘^r^{9 + 4\/r2 -|- g^ 


(^2 g 2 y /2 


(30) 
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The extrema of the function r2^(r; ( 7 ) are located along the curves r^MAxig) 
determined by the condition dhl^/dr = 0 that for the particular spacetime 
imply the formulae 

1. Bardeen 

ruMAX/B = 2(7; (31) 

2 . ABG {tqmax/abg determined in an implicit form) 

— 3r® + 45(V(3 — + r^) + g"^ + r^) = 0. (32) 

The vanishing and change of the sign of the gradient of the Keplerian an¬ 
gular frequency radial prohle has an important consequence for the Keplerian 
accretion discs, as the standard accretion governed by the magnetorotational 
instability (MRI) requires decreasing of the Keplerian frequency with increas¬ 
ing radius, therefore, the radius r^MAx can be considered as an inner edge 
of the standard Keplerian discs. Then an outer standard hot Keplerian disc 
can be continued by an inner cold Keplerian disc where the MRI cannot 
work [451143] . We postpone discussion of this phenomenon to a future work, 
as we focus our attention in the present paper on Keplerian rings radiating 
because of some processes being independent of the Keplerian accretion, as 
irradiation of the ring by an external sources. 


2.5 Photon circular geodesics 

The photon circular geodesics are determined by the divergences of the 
and Lc relations that can be put into the implicit form that reads 

1. Bardeen 

(r^ + - 3r^ = 0, (33) 


2 . ABG 


+ 9 ^) 


2 '| 7/2 _ ^4 


-2g‘^^r^ + g^ + 3(r^ + /) 


= 0 . 


(34) 


The existence of the photon circular geodesics is allowed in the spacetimes 
with the charge parameter g smaller than the critical charge parameter gp 
that is given in the following way 


1. Bardeen 

gp^B = 0.85865; 

(35) 

2 . ABG 

gp/ABG = 0.690771. 

(36) 
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In the no-horizon spacetimes with the parameter g < gp, two photon cir¬ 
cular geodesics are allowed, the outer one being unstable relative to radial 
perturbations, and the inner one being stable. The results of the numerical 
calculations for the loci of the photon circular geodesics are presented in Fig. 
[TJ Trapped photons move around the stable photon circular geodesic, just 
above the antigravity sphere at the stable static radius. 


2.6 Marginally stable circular geodesics 


The inner edge of the Keplerian discs is located at the innermost stable 
circular orbit (ISCO) radius which is determined by simultaneously held 
conditions 


dl/ 




= 0 and ——- = 0. (37) 

dr dr^ 

Note that in the no-horizon spacetimes, similarly to the naked singularity 
spacetimes, also an outermost stable circular geodesic (OSCO) can exist, if 
the region of stable circular geodesics is separated by a region of unstable 
geodesics [HI 03]. Both ISCO and OSCO are thus marginally stable circular 
geodesics. The existence of unstable circular geodesics is allowed in the 
spacetimes with the charge parameter smaller that the critical charge gs 
that is given in the following way 


1. Bardeen 

gs/B = 0.95629; 

(38) 

2 . ABG 

9S/ABG = 0.74684. 

(39) 


The results of the analysis of the stability of the circular geodesic motion and 
the loci of the marginally stable circular orbits are presented in Fig. 1. 

We can conclude that in the no-horizon regular Bardeen and ABC space- 
times with the spacetime parameter g satisfying the conditions 

1. Bardeen 

QnoH/b < 9 < gs/B = 0.95629; (40) 

2 . ABC 

QnoH/abg < 9 < gs/ABG = 0.74684. (41) 

two regions of stable circular geodesics exist, being separated by a region 
of unstable circular geodesics. The inner edge of the inner region of the 
stable circular geodesics is located at the static radius. In subregion of this 
parameter space region, given by 
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1. Bardeen 

OnoH/b < 9 < 9p/b = 0.85865, (42) 

2 . ABG 

9noH/abg < 9 < 9p/abg = 0.690771, (43) 

two photon circnlar geodesics exist and no circular geodesics are allowed 
between the photon orbits. For the no-horizon spacetimes with the parameter 
g satisfying the conditions 

1. Bardeen 

9 > 9s/b = 0.95629, (44) 

2. ABG 

2 > S' > 9SIABG = 0.74684, (45) 

only stable circular geodesics can exist, with the inner edge located at the 
stable static radius. 

In the case of the ABG no-horizon spacetimes with 

9 > 2 (46) 

an exceptional situation arises, as an inner region of circular geodesics occurs 
under the stable static radius corresponding to the antigravity sphere - this 
is not possible in the RN or Kehagias-Sfetsos naked singularity spacetimes. 
The inner geodesic region consists of stable orbits extending to the OSGO, 
above which unstable circular geodesics are located that terminate by the 
unstable static radius. 

Such a situation is clearly related to the behavior of the lapse function 
f{r-g) at r 0 when its form corresponds to the anti-de Sitter spacetime 
for 9 > 2 rather to the de Sitter spacetime that is relevant for 9 < 2. The 
attractive gravity at r ~ 0 enables existence of circular geodesics near the 
origin of coordinates in the spacetimes with 9 > 2 , while the repulsive gravity 
forbids circular geodesics at r ~ 0 in the ABG no-horizon spacetimes with 
9 <2. The situation is clearly demonstrated by Figs [Hand [31 

We have to stress that in the case of the no-horizon Bardeen spacetimes 
and the ABG spacetimes with 9 < 2, the situation is similar to those occuring 
in the spherically symmetric naked singularity spacetimes, as those described 
by the Reissner-Nordstrom geometry [351 [50] or the Kehagias-Sfetsos geom¬ 
etry [451IM145] . 
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2.7 Effective potential 

In order to clear up accretion phenomena related to the Keplerian accre¬ 
tion discs that are governed by the circular geodesic motion, the segments 
corresponding to stable circular geodesics, we give sequences of the effective 
potential taken for adequately chosen values of the specihc angular momen¬ 
tum of test particles representing the accreting matter. 0. The stable circular 
geodesic orbits representing motion of matter accreting in a Keplerian disc 
from large distance (inhnity) down to the central parts of the background 
spacetime are determined by the minima of the effective potential, and the 
edge of the Keplerian discs is determined by the ISCO. In the regular no¬ 
horizon spacetimes allowing for the existence of unstable circular geodesics, 
an inner Keplerian disc with the edge at OSCO, or at a lower radius, can be 
relevant too, similarly to the KS (and RN) naked singularity spacetimes [13] . 

We can classify the Bardeen and ABG spacetimes according to the Keple¬ 
rian accretion governed by the effective potential. Properties of the effective 
potential and the Keplerian accretion are governed by the geodesic structure 
of the spacetimes, namely by properties of the circular geodesics. 

The effective potential illustrates clearly the evolution of the angular mo¬ 
mentum and energy of the accreting matter and demonstrates the possibility 
to obtain two Keplerian discs in the no-horizon spacetimes, similarly to the 
RN naked singularity spacetimes |3Sl EO] , or the KS naked singularity space- 
times of the modihed Hofava gravity [151 HU 115] . We give the characteristic 
L = const sections of the effective potential governing the character of the 
Keplerian accretion for all the classes of the Bardeen and ABG black-hole 
and no-horizon spacetimes with qualitatively different behavior of the circu¬ 
lar geodesics in Fig. HI 

The hrst one is related to the black-hole spacetimes, the three others 
are related to the no-horizon spacetimes - spacetimes containing trapped 
photons and unstable circular geodesics, spacetimes admitting unstable cir¬ 
cular geodesics, spacetimes admitting purely stable circular geodesics. For 
the ABG spacetimes with g < 2, the effective potential behaves in fully 
analogical way. 

For the ABG spacetimes with g > 2, behavior of the effective potential in 
the inner region of circular geodesics located under the stable static radius is 
illustrated in Fig. |5l The inner Keplerian disc with stable circular orbits is 
located between the OSGO that is under the unstable static radius, and the 

^The Keplerian accretion onto general relativistic objects, namely Kerr black holes, 
has been first discussed in [551 US] However, the circular geodesics are relevant also for 
the toriodal accretion discs of perfect fluid governed by combined gravitational (inertial) 
forces and pressure gradients Eiiis] 
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Figure 4: Effective potential of massive test particles in the Bardeen space- 
time is given for the four representative values of the charge parameter 
g = 0.7, 0.8, 0.9, and 1.5 (left to right, top to bottom). We assume m = 1. 
The values of corresponding particle angular momentum are in the intervals 
L e [0.1,20.0] {g = 0.7), L e [1.0,20.0] {g = 0.8 and 0.9), L e [0.0,10.0] 
{g = 1.5). The Keplerian accretion is related to sequences of stable circular 
geodesics given by local minima of the effective potential. 


inner edge at r = 0. At the inner Keplerian disc both energy and angular 
momentum decrease with decreasing radius. On the other hand, the outer 
unstable part of the inner region of circular geodesics behaves unusually as 
both energy and angular momentum decrease with radius increasing up to 
the unstable static radius. 

The radial prohles of the specihc angular momentum, and the specihc 
energy of the Keplerian motion that are also helpful for understanding the 
Keplerian accretion are presented in Figs[2]and|31 

We do not discuss here the sign of the gradient of the angular velocity of 
the accreting matter, relevant in the accretion process governed by the MRI 
mechanism that requires < 0 [ 6 ]. This is crucial for the Keplerian 

discs and complicates strongly the situation of describing the accretion phe¬ 
nomena, as shown and discussed in [12] • In the following, we concentrate 
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Figure 5: Effective potential of massive test particles in the ABG spacetimes 
with two representative values of the charge parameter g = 2(left) and g = 
3(right); we assume m = 1. The values of corresponding particle angular 
momentum is L = 0.0 (solid), 0.05 (dashed), and 0.1 (doted) in the case of 
g = 2 and L = 0. (thick, black), 0.02 (dashed), 0.05 (doted), 0.1 (thick,gray), 
0.2 (thick, dashed,gray), and 0.3 (thick, dotted, gray) in the case of = 3. 


attention to the Keplerian rings only in order to give local signatures of the 
strong gravity of the regular Bardeen and ABG spacetimes. In radiating 
Keplerian rings, the accretion process could be irrelevant. 

3 Optical phenomena 

In this section the previous analysis is applied to show what hngerprints 
of each considered spacetime one can expect in the case of simple optical 
phenomena that, nevertheless, could be of observational relevance - namely 
we shall consider the silhouette of the black hole and no-horizon spacetimes, 
and the spectral lines generated by orbiting Keplerian rings that are prohled 
by the strong gravity of the Bardeen and ABG spacetimes. 

3.1 Escape cones and silhouette of regular black hole 
and no-horizon spacetimes 

The motion of photons in the equatorial plane of the spherically symmetric 
and static spacetimes is governed by the equation 

lp'f^E^-f(r-,g)(^^y (47) 
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Figure 6: Effective potential of the photon motion is given in the Bardeen 
(left) and ABG (right) spacetimes for five representative values of the charge 
parameter g = 0.5, 0.7, 0.8, 0.9, 1.5, and 2.5 (bottom curves to the upper 
one). 


The trajectories of photons are independent of energy, therefore, it is possible 
to determine the photon motion by their impact parameter 


then the turning points of the radial photon motion are given in terms of the 
effective potential related to the impact parameter by the relation 

2 

^ “ ^eff/ph{^]g) = gY 

We put for simplicity here and in the following m = 1, i.e., the radius r, 
the parameter g, and the angular momentum (impact parameter) L (/) are 
expressed in units of m. We illustrate the radial prohle of the effective po¬ 
tential Veff/ph{r]g) for representative choices of the parameter g in Fig. 6. 
Clearly, in the no-horizon spacetimes allowing for existence of circular pho¬ 
ton geodesics, the trapped photons exist only if radiated by sources located 
under the outer unstable photon circular orbit. All photons radiated above 
the radius of the outer photon circular orbit escape to inhnity except those 
winding up at the photon circular orbit, having I = lph{u)- In the no-horizon 
spacetimes having no photon circular orbits, all photons escape to inhnity if 
radiated from any position in the spacetime, except those moving inwards 
purely radially that are terminating at r = 0. 

The photon circular orbits, i.e., their radius rph{g) and the related impact 
parameters lph{g) can be found from the condition 

dVeff/ph _ Q 
dr 


(50) 
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Figure 7: The impact parameter corresponding to the photon circular or¬ 
bits given as function of parameter g. The lower branch corresponds to the 
unstable (outer) photon circular geodesics, the upper branch corresponds to 
the stable (inner) photon circular geodesics. 


The photon circular orbits are located at radii Vph satisfying Eq. fl33|l for the 
Bardeen spacetimes, and Eq. flMj) for the ABG spacetimes. For the Bardeen 
(ABG) black-hole spacetimes with g < gNoH/B = 0.7698 {g < gNoH/ABG = 
0.6342), one unstable photon circular orbit exists, while for the Bardeen 
(ABG) no-horizon spacetimes with gNoH/B = 0.7698 < g < gp/B = 0.85865 
{qnoH/abg = 0.6342 < g < gp/ABG = 0.69077) two photon circular geodesics 
exist, the inner one being stable relative to radial perturbations, and the 
outer one being unstable. 

The corresponding value of the impact parameter Iph of the circular pho¬ 
ton orbits follows from Eq. fITOll . i.e., there is 




g) ’ 


(51) 


where Vph = rph_s or Vph = rph_u for the inner and outer photon orbits in the 
no-horizon spacetimes. The values of the impact parameter of the photon 
circular orbits are given as a function of the charge parameter g in Fig. 
7. We present the dependence of the impact parameter for both the stable 
and unstable circular photon orbits. However, for distant observers only the 
unstable orbit is the relevant one. 

For the extreme Bardeen (ABG) black holes with g = gNoH/B = 0.7698 
{g = QnoH/abg = 0.6342), the photon circular orbit is located at the radius 
rph(extr)/B = 2.301 {rph[extr)/ABG = 2.136), and the related impact parameter 
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takes the value 


lph(extr)/B — 4.524, (52) 

lph{extr)/ABG 4.275. (53) 

In the limiting Bardeen (ABG) no-horizon spacetimes allowing for existence 

of the photon circular geodesics, with g = gp/B = 0.85865 {g = gp/ABG = 

0.69077), the photon circular orbit is located at rp^cr)/B = 1-72 {rph(^cr)/ABG = 
1.57), and the value of the corresponding impact parameter reads 

^ph{cr)/B — 4.206, (54) 

lph(cr)/ABG = 3.937. (55) 

Recall that in the vacuum Schwarzschild spacetime, the photon circular orbit 
is located at Vp^ = 3, and the impact parameter Ip^ = 3\/3 = 5.196. 

The opening angle of the escaping cones is governed by the unstable pho¬ 
ton circular geodesics. If the opening angle is related to the static reference 
frames is the spherically symmetric static spacetimes, it is determined by the 
simple formula |35l |36l EZ] 


Qfesc = arcsin 


/ 7 (^, 

^ph{u) 


(56) 


where lph-u{g) is the impact parameter of the unstable photon circular orbit. 
The silhouette of a black hole or a no-horizon spacetime is determined by the 
opening angle of the escaping cone related to a distant static observer |S| , as 
the opening angle determines the photons trapped by the black hole or the 
no-horizon spacetime. In the no-horizon spacetimes, only the photons with 
I = Iph-u are trapped by the gravitational held and form a circular silhouette, 
while in the black hole spacetimes, the photons with impact parameter I < Iph 
are captured and give the silhouette of the black hole hlling interior of the 
circle. No silhouette ocurrs for the no-horizon spacetimes not allowing for 
existence of photon circular orbits. The distant-observer sky represented by 
the standard parameters [a,/?] [HI E2], related to the impact parameters of 
the outcoming photons, then rehects a dark circle of the radius governed by 
the value of the impact parameter Iph-u of photons trapped on the photon 
orbit that determines the silhouette. Extension of the circular silhouette is 
determined by the impact parameter Iph-u ^ see Fig. 7. Clearly, the silhouette 
of the black hole regular spacetimes has to be smaller than the silhouette 
of the Schwarzschild black holes. The circles giving the silhouette of the 
no-horizon spacetimes have to be smaller than those of the regular black 
holes. For a given dimensionless charge parameter g/m, extension of the 


21 






silhouette of the Bardeen spacetime has to be always larger than those of the 
ABG spacetime. In fact, it could be possible to distinguish the Bardeen and 
ABG spacetimes, if the precise measurements planned for observations of 
the Sgr A* Galaxy source will be realized under proper conditions enabling 
observability of the central parts of the spacetimes. 

Of course, in realistic situations, when an antigravity sphere will be cre¬ 
ated because of accretion processes, we have to assume that the sphere is 
absorbing all the incoming radiation. Then the silhouette of the regular, 
no-horizon spacetimes of the Bardeen and ABG type will be given by the 
antigravity sphere with extension R ~ Tstat rather than by the unstable pho¬ 
ton orbits of the spacetimes. On the other hand, the antigravity sphere could 
be itself a source of signihcant radiation. 


3.2 Frequency shift 


In the equatorial plane, each photon emitted by the 
from combined gravitational and Doppler frequency 
general form 


1 + z 


R - rmi 

1 - /Oe 


Keplerian ring suffers 
shift which takes the 


(57) 


where the photon impact parameter I = —p^/pt = L^jE and Oc is the 
Keplerian angular frequency. 

In the special case of radiation from the stationary sources at the static 
radius (antigravity sphere) the frequency shift takes the simple form 


\Rz = — = ^-gtt{rstapg) = \/f{rstat,g), (58) 

We show the dependence of the redshift of radiation emitted by static sources 
at the static radius in dependence on the charge parameter g in Fig.8 for both 
the Bardeen and ABG spacetimes. In the case of the ABG spacetimes with 
g > 2 we give the frequency shift also for the inner static radius where 
unstable equilibrium of test particles is possible. We can see that for the 
stable equilibrium positions there is always a redshift of the photons. For 
a given charge parameter g, the redshift is substantially stronger for the 
Bardeen spacetimes in comparison to the ABG spacetimes. This could be 
clearly an interesting observational signature of these spacetimes. Notice 
that photons from the unstable static radius of the ABG spacetimes with 
g > 2 are blueshifted. 
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Figure 8 : The frequency shift of photons emitted by tatic observers at the 
static radii is illustrated as a function of the charge parameter g for the 
Bardeen spacetimes (black solid line) and the ABG spacetimes (gray lines). 


3.3 Radiative flux 


The specihc flux at a detector, is constructed by binning the photons 
(pixels) contributing to the specihc hux F at the observed frequency uq. Let i- 
th pixel on the detector subtends the solid angle Allj, then the corresponding 
hux AFj(i/o) reads 

AFj(z/o) = /o(z/o)AGj = gfle{uo/gi)^^i, (59) 


where the specihc intensity of naturally (thermally) broadened line with the 
power law emissivity model is given by 

Je = eor~Pexp[--f{uo/g - i^o)^]- (60) 


In our simulations the dimensionless parameter 7 = 10^. The solid angle is 
given by the coordinates a and {3 on the observer plane due to the relation 
dll = dadf3/Dl, where Do denotes the distance to the source - for details 
see HUES]. The coordinates a and /? can be then expressed in terms of the 
radius re of the source orbit and the related redshift factor 1 + z = i^o/r'e- 
The Jacobian of the transformation {a, (3) {re,g) implies [3^ IM] 


dU 


_ q _ 

Dl sin 60 \Jq — \^ cot^ 9o 


dvo dg 
dX dq 


dve dg 
dq dX 


-1 

dgdvg —)■ Allj. 


(61) 


The parameter q represents the total photon impact parameter related to the 
plane of motion of the photon, while A represents the axial impact parameter 
related to the plane of the Keplerian ring. 
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To obtain the specific flux at a particular frequency z/q, all contributions 
given by AFj(z/o) are summed to obtain 


F(z/o) =^AF(z/o),. (62) 

i 

Details of the construction of the prohled spectral lines in the black hole 
spacetimes can be found in [33l [32] , and in the case of the spacetimes having 
no horizons, it is treated in jlHl SIl SS] jH] US] . 

3.4 Profiles of spectral lines radiated from Keplerian 
rings 

In order to demonstrate effect of the Bardeen and ABG spacetimes on ra¬ 
diation governing the observational phenomena, we construct series of pro¬ 
hled spectral lines originating from Keplerian rings located at limiting radii 
characteristic for the geodesic circular motion, namely the marginally stable 
orbits, and the radius of vanishing gradient of the Keplerian angular velocity 
at the spacetimes allowing only for the stable circular orbits. The spectral 
lines are constructed for three characteristic values of the inclination of the 
radiating ring to distant observer, 9o = 30°, 60°, 85°. For comparison, the 
prohled line created in the Schwarzschild spacetime at the ISCO is presented 
in all cases. 

3.4.1 Bardeen spacetimes 

In Fig.9 we present the prohled spectral lines generated by the Keplerian rings 
located at rjsco of the outer region of circular geodesics in the spacetimes 
with g < gs/B, and at the tqmax in the spacetimes with g > gs/B- We 
give the prohled lines for a black hole spacetime, and all three classes of no¬ 
horizon spacetimes, namely those allowing for the stable and unstable photon 
geodesics, those allowing for both stable and unstable circular geodesics, 
but no photon circular orbits, and for those allowing only stable circular 
geodesics. 

We can see that the characteristic double-horned prohle caused by the 
Doppler shift with blue horn larger than the red horn is enriched by addi¬ 
tional small horns occuring for the mediate (60°) and large (85°) inclination 
angles in the no-horizon spacetimes admitting existence of unstable circular 
geodesics. In the case of small and mediate inclination angles, the profiled 
lines of the Bardeen spacetimes are redshifted relative to the profiled line 
generated in the Schwarzschild spacetime, at both red and blue end of the 
Schwarzschild line. The frequency shift is smallest for the black hole case. 
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and in the no-horizon spacetimes the shift increases with increasing param¬ 
eter g. Extension of the prohled line is smallest for the spacetime admitting 
only the stable circular orbits. For large inclination angle, the extension of 
the prohled line is again smallest for the no-horizon spacetimes admitting 
only the stable circular geodesics when it is given for the radius of vanish¬ 
ing Keplerian angular frequency gradient. However, extension of the prohled 
line increases with increasing parameter g in the spacetimes admitting for 
existence of ISCO, being smallest for the black hole spacetimes. For large 
inclination angle (85°), extension of the Bardeen prohled line is larger than 
those generated in the Schwarzschild spacetime in both red and blue edge 
of the frequency range. The shift is quite strong at the blue end where it 
reaches value oi 1 + z ^ 1.5 — 1.6, in comparison to the Schwarschild value 
oi 1 + z ^ 1.4, giving thus a clear observational imprint of the no-horizon 
Bardeen spacetimes, along with the additional humps in the prohle of the 
spectral line. 

In Fig. 10 we compare for completeness the prohled spectral lines cre¬ 
ated at the OSCO of the inner region of circular geodesics in the Bardeen 
spacetimes with gp/B < 9 < 9s /b admitting existence of unstable circular 
geodesics, with those created at the ISCO of the outer region of circular 
geodesics. Now we observe an extremely strong dependence on the incli¬ 
nation angle, when strong additional humps occur in the prohle, having a 
doubled-horn like character for mediate and large inclination angles. For 
small inclination angle (30°), whole the prohled line generated at the OSCO 
is shifted to the red end of the spectrum in comparison with the prohled line 
generated at the ISCO. For large inclination angle (85°), the OSCO line is 
much more extended in comparison to the ISCO line at both blue and red 
end, keeping the doubled-horn character. At the blue end the frequency shift 
goes to extremely large value of 1 -|- ~ 2.5, giving thus extremely profound 

signature of the presence of a radiating inner Keplerian ring. 

3.4.2 ABG spacetimes 

In Fig. 11 we present the prohled lines generated by the Keplerian rings lo¬ 
cated at the rjsco of the outer region of circular geodesics in the ABG 
spacetimes with g < gs/ABG, and at the tqmax in the ABG spacetimes 
with g > gs/ABG- We give the prohled spectral lines for a black hole space- 
time, and all three classes of the no-horizon spacetimes, as in the Bardeen 
spacetimes. Now the role of the inclination angle is little bit diherent in 
comparison to the Bardeen spacetimes. The diherence is most profound for 
the spacetimes admitting only the stable orbits when the Keplerian ring is 
assumed at tqmax - for all inclination angles the prohled line is located in- 
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side the range of frequencies corresponding the the Schwarzschild ISCO line, 
and for the large inclination angle (0o = 85°) even doubled-horn structure 
occurs with the central horns exceeding the horns at the red and blue edge 
of the prohled line. This is an exceptional case that does not occur in no 
other conhguration of the Keplerian rings located in the ABG or Bardeen 
regular spacetimes. The prohled lines generated at the ISCO position of the 
Keplerian ring demonstrate quantitative differences in comparison to the sit¬ 
uation in the Bardeen spacetimes. Generally, their range is more strongly 
redshifted relative to the Schwarzschild ISCO line, and the ABG black hole 
line is rather close to the Schwarzschild line for all inclination angles. In 
the no-horizon spacetimes, the prohled line is always located under the blue 
edge of the Schwarzschild line for all inclination angles, contrary to the case 
of the Bardeen spacetimes. Only the ABG black hole line slightly exceeds 
the Schwarzschild line at the blue edge. It is thus clear that the prohled 
lines generated by radiating Keplerian rings at some signihcant positions at 
the ABG spacetimes can be well distinguished from those generated at the 
Bardeen spacetimes, if the inclination angle is known. 

The prohled spectral lines created in the ABG spacetimes with Qp/abg < 
9 < 9s/ABG at the OSCO of the inner region of circular geodesics are com¬ 
pared with those created at the ISGO of the outer region of circular geodesics 
in Fig. 12. In this case, no doubled-horn spectral line structure is obtained 
in the case of all the inclination angles under consideration, demonstrating 
thus again a clear diherence in comparison to the situation in the Bardeen 
spacetime rehected in Fig. 10. For all the inclination angles the line gener¬ 
ated at the OSGO is strongly shifted to the red edge of the spectrum and is 
signihcantly hatter in comparison to the line generated at the ISGO, giving 
thus another strong diherence of the Bardeen and ABG spacetimes. 

In the special case of the ABG spacetimes with g > 2, we illustrate for 
completeness also the properties of the inner region of circular geodesics lo¬ 
cated under the stable static radius. We construct the prohled lines radiated 
by Keplerian rings at the OSGO, at the r^MAx, and for completeness also 
at the 1.5 X tqmax- We demonstrate that the shape of the prohled line is 
the same for all the inclination angles and the ring located at OSGO, but its 
position relative to the Schwarzschild ISGO line changes signihcantly with 
the inclination angle. For small angle (30°), the OSGO line extends outside 
the frequency range of the Schwarzschild ISGO line, being shifted to the blue 
end. For mediate and large inclination angles, the prohled line extends in¬ 
side the frequency range of the Schwarzschild line, with extension slightly 
increasing with inclination angle increasing. Similar situation occurs also for 
the Keplerian rings located at tqmax and at 1.5 x t^max, but in these cases 
an additional humpy structure appear at the central region {1 + z ~ 1) of 
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the profiled lines observed under the large inclination angle. Of course, we 
have to stress that probability to observe the prohled lines from the region 
hidden under the stable static radius where a stable antigravity sphere can 
be expected is very low. 

It has to be said that both the shape and extension of the profiled spectral 
lines generated by Keplerian rings in the regular Bardeen or ABG spacetimes 
differs from those generated in the Kehagias-Sfetsos spacetimes that were 
constructed in [18], or those occuring in the Kerr naked singularity spacetimes 
[M] . We can conclude that the regular Bardeen or ABG spacetimes could 
give observational signatures that can be clearly distinguished from those 
generated in vicinity of other exotic sources, as the Kerr or Kehagias-Sfetsos 
naked singularities. 
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Figure 9: Profiles of the spectral lines generated by Keplerian rings in the 
Bardeen spacetimes with the charge parameter g = 0.7 (solid,gray), 0.8 
(dashed,black), 0.9 (dotted,black), and 1.5 (thick,gray) are compared to 
those generated in the Schwarzschild spacetime (thick, black). The prohles 
were constructed for the three representative values of observer inclination 
9o = 30° (top), 6o = 60° (middle), and 6o = 85° (bottom). The location of the 
Keplerian ring in the Bardeen spacetimes is at rjsco (up to g = 0.9), t-qmax 
(for g = 1.5), and in the Schwarzschild spacetime it is at rjsco = 6. In the 
right column, magnihcation of the red end of the prohled lines is presented 
in order to give details of their small humps. 




































Figure 10: Profiles of the spectral lines generated by Keplerian rings located 
in the Bardeen spacetime with the charge parameter g = 0.9 at the OSCO 
of the inner region of the stable circular geodesics (gray) and at the ISCO of 
the outer region of stable circular geodesics (dashed). They are compared to 
the line generated at the ISCO in the Schwarzschild spacetime (thick, black). 
The prohles were constructed for the three representative values of observer 
inclination 9o = 30°(top), 6o = 60° (middle), and 6o = 85° (bottom). 
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Figure 11: Profiles of the spectral lines generated by Keplerian rings in the 
ABG spacetimes with parameter g = 0.5 (solid,gray), 0.65 (dashed,black), 
0.72 (dotted,black), and 1.5 (thick,gray) and compared to those generated 
in the Schwarzschild spacetime (thick, black). The prohles were constructed 
for the three representative values of observer inclination 9o = 30° (top), 
9o = 60° (middle), and 9o = 85° (bottom). Location of the Keplerian ring in 
the ABG spacetime is at rjsco (for g < 0.9), and at tqmax (for g = 1.5), 
and in the Schwarzschild spacetime it is at rjsco = 6. In the right column, 
magnihcation of the red end of the profiled lines presented in the left column 
is given. 
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Figure 12: Profiles of the spectral lines generated by Keplerian rings located 
in the ABG spacetime with the charge parameter g = 0.72 at the OSCO of 
the inner region of the stable circular geodesics (gray) and at the ISCO of 
the outer region of stable circular geodesics (dashed). They are compared to 
the line generated at the ISCO in the Schwarzschild spacetime (thick, black). 
The prohles were constructed for the three representative values of observer 
inclination 9o = 30°(top), 9o = 60° (middle), and 9o = 85° (bottom). 
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Figure 13: Profiles of the spectral lines generated by Keplerian rings in the 
ABG spacetimes with the charge parameter g = 2.5 (solid) and g = 3.0 
(dashed), compared to those generated in the Schwarzschild spacetime 
(thick). The prohles were constructed for the three representative values 
of observer inclination 9o = 30°(top), 9o = 60° (middle), and 9o = 85° (bot¬ 
tom). Location of the Keplerian ring in the ABG spacetime is at risco 
(left), tqmax (center), and 1.5 x t^max] in the Schwarzschild spacetime it 
is at risco = 6. 


4 Discussion and conclusions 

We have studied motion of test particles and photons in the regular Bardeen 
and ABG spacetimes of both the black hole and no-horizon type that are 
governed by charge parameter g and treated in the framework of a non¬ 
linear electrodynamics. No apriori given restrictions on the value of the g 
parameter were considered. We have focused our attention on the geodesic 
structure of the spacetimes, especially on the circular geodesic motion that 
governs Keplerian accretion discs and is relevant also for toroidal perfect fluid 
structures governed by an interplay of gravity and pressure gradients. Simple 
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optical phenomena have been modelled to reflect the basical properties of the 
geodesic strnctnre of the spacetimes. The silhonette of the central part of 
the spacetime and the profiled spectral lines of geodesic (Keplerian) rings 
orbiting in the strong gravity regions of the Bardeen and ABG spacetimes 
have been constructed to give an observationally relevant signatures of the 
spacetimes. 

We have demonstrated that in the case of the Bardeen and ABG black 
hole spacetimes, the circular orbits are of the same character as in the 
Schwarzschild spacetime above the outer horizon, demonstrating no quali¬ 
tatively different phenomena related to astrophysical processes. No circular 
geodesics are allowed under the inner horizon of the Bardeen and ABG black 
holes, similarly to the case of the Kehagias-Sfetsos black holes In both 
the Bardeen and ABG black hole spacetimes only small quantitative differ¬ 
ences to the Schwarzschild spacetime have been found for both the silhouette 
extension, and the shape and extension of the profiled spectral lines. 

Fundamental differences in comparison to the Schwarzschild spacetime 
have been demonstrated for the no-horizon regular spacetimes. For both the 
Bardeen and ABG spacetimes the differences are in accord with the effects 
found in the case of the Kehagias-Sfetsos naked singularity spacetimes of the 
modified Hofava quantum gravity discussed in [IHl HU 03] , or the RN naked 
singularity spacetimes [381130] . 

For no-horizon regular Bardeen and ABG spacetimes, three different 
regimes of the circular geodesic motion occur above the so called antigravity 
sphere corresponding to a stable equilibrium of static particles in dependence 
on the parameter g. For sufficiently large values of the dimensionless charge 
parameter g > gs, only stable circular geodesics exist everywhere above the 
static radius where the antigravity sphere is located. For smaller values of 
the charge parameter, gp < g < gsi two distinct regions of the stable circular 
geodesics occur - the inner one begins at the static radius and terminates 
at an OSGO, while the outer one begins at an ISGO; these two regions are 
separated by a region of unstable circular geodesics. For charge parameters 
close to the black hole states, gNoH < 9 < 9 pi an inner region of stable cir¬ 
cular geodesics is terminated by a stable circular photon orbit, and an outer 
region of the stable circular geodesics begins at an ISGO. Region of unstable 
circular geodesics under ISGO is terminated by an unstable photon circular 
geodesic. No circular geodesics are allowed between the inner stable photon 
orbit and the outer unstable photon orbit. 

However, in contrast to the case of the Kehagias-Sfetsos naked singular¬ 
ity spacetimes, a special kind of behavior of the circular geodesics has been 
found for the ABG no-horizon spacetimes with g > 2. An inner region of 
circular geodesics can exist under the antigravity sphere of particles in a sta- 
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ble equilibrium at the static radius. The region consists of both stable and 
unstable circular geodesics, the stable geodesics are limited by r = 0 and the 
OSCO, while the unstable geodesics are limited by a secondary static radius 
corresponding to static particles (having L = 0) being in an unstable equilib¬ 
rium position. This interesting change of the character of circular geodesics 
in the ABG no-horizon spacetimes with > 2 is probably connected to the 
dramatic change of the ABG spacetime structure near the origin of coor¬ 
dinates where the lapse function changes its character from the ”de Sitter” 
form corresponding to a vacuum energy implying gravitational repulsion to 
the ”anti-de Sitter” form related to gravitational attraction. Note that no 
such transition occurs in the Bardeen spacetimes where the lapse function 
has always the ”de Sitter” form near the origin of coordinates. Similar grav¬ 
itational repulsion occurs in the lapse function of the KS spacetimes near 
the coordinate origin, however, in this case the gravitational repulsion is not 
of the ”de Sitter” type, but corresponds rather to a repulsive effect of a 
quintessential type [13] . 

The astrophysically most profound property of the Bardeen and ABG no¬ 
horizon spacetimes is existence of the antigravity sphere - however, the same 
phenomenon is expected in the case of the naked singularity spacetimes of the 
RN or Kehagias-Sfetsos type. The observationally relevant consequences of 
the existence of the Bardeen or ABG no-horizon spacetimes are related to the 
prohled spectral lines generated by a Keplerian ring radiating at a given fre¬ 
quency in the strong gravity regions of these spacetimes. Our results clearly 
demonstrate qualitative and strong quantitative differences in comparison 
to prohled lines generated in the Schwarzschild spacetime. Moreover, there 
are also strong differences when the effects on the prohled spectral lines are 
compared to those related to the Kehagias-Sfetsos naked singularities. In 
addition, the diherences enable to distinguish easily also the Bardeen and 
ABG no-horizon spacetimes, if inclination angle of the observer is known. 

We can conclude that the no-horizon Bardeen and ABG spacetimes could 
give very strong signatures in the observationally relevant phenomena related 
to the prohled spectral lines that enable to distinguish them not only from the 
black hole spacetimes, but also from the Kehagias-Sfetsos naked singularity 
spacetimes. Therefore, there are some observationally relevant ehect enabling 
to obtain distinct predictions of the Einstein gravity combined with non¬ 
linear electrodynamics, and the modihed Hofava quantum gravity. 
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